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When assembly calculation is performed with the reflective boundary condition, a leakage model is usu-
ally required in the lattice code. The previous studies show that the homogeneous leakage model works
effectively for the assembly homogenization. However, it becomes different and unsettled for the pin-cell
homogenization. Thus, this paper evaluates homogeneous and heterogeneous leakage models used in
pin-by-pin calculation. The implements of homogeneous and heterogeneous leakage models used in
pin-cell homogenization of the lattice calculation are studied. A consistent method of cooperation
between the heterogeneous leakage model and the pin-cell homogenization theory is proposed.
Considering the computational cost, a new buckling search scheme is proposed to reach the convergence
faster. For practical reactor-core applications, the diffusion coefficients determined by the transport
cross-section or by the leakage model are compared with each other to determine which one is more
accurate for the Pressurized Water Reactor pin-by-pin calculation. Numerical results have demonstrated
that the heterogeneous leakage model together with the diffusion coefficient determined by the hetero-
geneous leakage model would have the higher accuracy. The new buckling search scheme can decrease
the cost dramatically, especially for the heterogeneous leakage model.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

For Pressurized Water Reactor (PWR) core-physics simulation,
the computational cost of one-step calculation with fully detailed
description is too expensive using either stochastic or determinis-
tic method even with the currently most advanced computing
powers. Therefore, the two-step scheme had been developed to
provide efficient solutions with an acceptable accuracy. In the last
few decades, the nodal diffusion calculation accompanied with the
assembly homogenization has been widely employed. The assem-
bly discontinuity factors (ADF) obtained by the generalized equiv-
alence theory (GET) Smith, 1980 is applied. However, neither the
axial nor radial leakage rate (Benoist et al., 1994) is considered
within the heterogeneous single-assembly calculation. The hetero-
geneous flux spectrum is far from the actual flux spectrum in the
core named global spectrum. The leakage model (Hebert, 2009;
Xie, 2001) is then implemented to provide more consistent
assembly-homogenized few-group constants and to evaluate
depletion process and so on. Moreover, the leakage model is also
employed to obtain consistent values of the diffusion coefficient
(named leakage coefficient to distinguish with the diffusion coeffi-
cient based on transport cross-section) that can be used in three-
dimensional full-core diffusion or other low-order calculations.
Within the homogeneous leakage model, the heterogeneous
assembly is treated as an equivalent homogeneous medium and
the axial or radial leakage rate is exactly same under the specific
buckling. Thus, it is named as homogeneous leakage model.

As an improved two-step scheme, pin-by-pin calculation has
become attractive in recent years (Sugimura et al., 2006; Park
et al., 2001). Different from the traditional two-step calculation,
it only homogenizes the heterogeneous structure within each pin
cell leaving the assembly heterogeneous during the three-
dimensional whole-core calculation. Both the Generalized Equiva-
lence Theory and the Super-homogenization (SPH) method have
been extended as pin-cell homogenization methods (Zhang et al.,
2016). With the reflective boundary condition, either the pin-cell
discontinuity factor (PDF) or the SPH factor can fully eliminate
the errors aroused by the homogenization once the heterogeneous
reference solution is known (Zhang et al., 2016). When the leakage
shows up, in either axial or radial direction, a leakage model would
be required.

In a PWR core, the effect of scattering anisotropy on the leakage
is of prime importance (Hebert, 2009). Therefore, its effect on the
leakage model is always taken into account by using a consistent
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Table 1
Abbreviations.

Short
forms

Full name Short
forms

Full name

PWR Pressurized Water Reactor LC Leakage Coefficient
ADF Assembly Discontinuity

Factors
DC Diffusion Coefficient

GET Generalized Equivalence
Theory

W/O Without

SPH Super-Homogenization
Method

BA Burnable Absorber

PDF Pin-cell Discontinuity
Factors

2-/7-
group

2-Group or/and
7-group

FVW Flux-Volume Weight
Method

Hom Homogeneous

CBC Critical Boron
Concentration

Het Heterogeneous
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B1 approximation. For the assembly homogenization, a homoge-
neous consistent B1 calculation (Stammler and Abbate, 1983) has
been proved to be sufficient. Meanwhile, when a leakage model
is applied in pin-cell homogenization, the leakage rate will also
be affected by the neutron streaming effect (Petrovic et al.,
1996). Especially when poison pins or empty channels are present,
the streaming effect cannot be ignored anymore. Consequently, the
assumption that the neutron flux is homogeneous and the leakage
rate is uniform over the lattice pitch is no longer valid. What’s
more, the leakage model should determine the pin-dependent
leakage coefficients for the pin-cell homogenization parameters.
In this case, the performance of the homogeneous leakage model
is invalid, while a heterogeneous leakage model (Petrovic et al.,
1996) becomes a more appropriate choice. In contrast to the homo-
geneous leakage model assuming spatially constant neutron flux
and leakage rate, the heterogeneous leakage model assumes that
the neutron flux is variational and the leakage rate is not uniform
over the lattice pitch to take into account the characteristics of
each pin and the streaming effects within the assembly. In addi-
tion, according to the leakage rates of individual pins, the pin-
dependent leakage coefficients for the pin-cell homogenization
parameters can be determined.

What’s more, when the homogeneous leakage model is applied
in the lattice calculation for the assembly homogenization, the
assembly-homogenized cross-section determined by the flux-
volume weight (FVW) method can preserve the eigenvalue and
the reaction rate. The global spectrum used to correct the infinite
spectrum does not affect the ADF because the same correction
appears both in the numerator and dominator in the discontinuity
factor calculation. However, for the heterogeneous leakage model
in the pin-cell homogenization, there usually are two different
spectrum corrections for each interface from the two adjacent
pin cells. This effect causes the issue of the cooperation between
the heterogeneous leakage model and the pin-cell homogenization
method.

In this paper, consequently, both homogenous and heteroge-
neous leakage models are evaluated for pin-by-pin calculation.
Considering the computational cost, three different buckling-
search schemes are analyzed, including the legacy power-method
scheme, the linear-interpolation scheme and the newly proposed
neutron-balance scheme. In addition, the diffusion coefficients
obtained from transport cross-section and the space-dependent
leakage coefficients from the leakage model are compared for the
practical reactor-core pin-by-pin applications.

The rest of this paper is organized as following. Section 2
describes the homogeneous and heterogeneous leakage models
and describes their implementations for pin-cell homogenization
including three critical buckling search schemes. In Section 3,
numerical results for the applications of the leakage models in
pin-cell homogenization are analyzed. Finally, Section 4 summa-
rizes the paper. For a better representation, all the abbreviations
used in the paper are listed in Table. 1.

2. Theoratical models

The principle of the neutron-leakage model is to represent the
neutron flux as the product of a macroscopic distribution in space
WðrÞ with a fundamental flux uðr; E;XÞ .
/ðr; E;XÞ ¼ WðrÞuðr; E;XÞ ð1Þ

The macroscopic distribution WðrÞ is assumed to be a property
of the entire reactor core and to be the solution of a Laplace
equation.

r2WðrÞ þ B2WðrÞ ¼ 0 ð2Þ
where the buckling B2 is a real number that is used to adjust the
curvature of WðrÞ in such a way as to obtain keff ¼ kreqeff , where kreqeff

is the targeted value of keff which usually is 1.0. In contrast, homo-
geneous or heterogeneous treatments of the fundamental flux lead
to the homogeneous or heterogeneous leakage variants.

2.1. Homogeneous leakage model

In the homogeneous leakage model (Hebert, 2009; Xie, 2001),
the neutron flux can be factorized as Eq. (3)

/ðr; E;XÞ ¼ uðE;XÞeiB�r ð3Þ
where the parameter B refers to buckling. We note the indepen-
dence of the fundamental flux uðE;XÞ with the spatial coordinate.

The neutron-transport equation (Xie and Deng, 2005) for a
finite homogeneous geometry is showed as Eq. (4):

X � r/ðr; E;XÞ þ RðEÞ/ðr; E;XÞ ¼
Z
4p

d2X0
Z 1

0
dE0RsðE

 E0;X X0Þ/ðr; E0;X0Þ þ vðEÞ
4pKeff

Z 1

0
dE0mRf ðE0Þ/ðr; E0Þ ð4Þ

where

RsðE E0;X X0Þ = macroscopic differential scattering cross-
section (cm�1)
vðEÞ = fission spectrum
RðEÞ = macroscopic total cross-section (cm�1)
mRf ðEÞ = macroscopic neutron-generation cross-section (cm�1)
/ðr; E;XÞ = angular flux (cm�2�s�1)
/ðr; EÞ = scalar flux (cm�2�s�1)

The differential scattering term would be expanded using zero
and first order Legendre polynomials.

RsðE E0;X X0Þ ¼ 1
2p

RsðE E0;lÞ ¼
X1
l¼0

2lþ 1
4p

Rs;lðE E0ÞPlðlÞ

ð5Þ
where l ¼ X �X0, P0ðlÞ ¼ 1 and P1ðlÞ ¼ l.

Substitute the factorization Eq. (3) into the Eq. (4):

½RðEÞ þ iB �X�uðE;XÞ ¼
Z
4p

d2X0
Z 1

0
dE0RsðE E0;X

 X0ÞuðE0;X0Þ þ vðEÞ
4pKeff

�
Z 1

0
dE0mRf ðE0ÞuðE0Þ ð6Þ
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where uðEÞ ¼ R4p uðE;XÞd2X. Substituting Eq. (5) into Eq. (6) and
integrating it over the angular domain yields the first equation of
the homogeneous leakage model:

RðEÞuðEÞþ iBJðEÞ¼
Z 1

0
dE0Rs0ðE E0ÞuðE0ÞþvðEÞ

Keff

Z 1

0
dE0mRf ðE0ÞuðE0Þ

ð7Þ

where JðEÞ ¼ 1
B ½B �

R
4p d

2XXuðE;XÞ� .
Substitute Eq. (5) into Eq. (6) and integrate with a weighting

factor of x:

uðEÞ¼a½B;RðEÞ�
Z 1

0
dE0Rs0ðE E0ÞuðE0ÞþvðEÞ

Keff

Z 1

0
dE0mRf ðE0ÞuðE0Þ

� �

�3ib½B;RðEÞ�B
Z 1

0
dE0Rs1ðE E0ÞJðE0Þ

wherex ¼ 1
RðEÞþiB�X. Substituting Eq. (7) into Eq. (8) yields the second

equation of the homogeneous leakage model:

iJðEÞ
B
¼ 1
RðEÞc½B;RðEÞ�

1
3
uðEÞ þ

Z 1

0
dE0Rs1ðE E0Þ iJðE

0Þ
B

� �
ð9Þ

where

c½B;R� ffi 1þ 4
15
ðB
R
Þ
2

� 12
175
ðB
R
Þ
4

þ 92
2625

ðB
R
Þ
6

þ oðB
R
Þ
8

Eq. (7) and Eq. (9) form the homogeneous leakage model. The
critical spectrum can be obtained by solving these two equations
simultaneously together with a buckling search process. Then the
corrected neutron-flux distribution of the single-heterogeneous-
assembly transport calculation can be determined for the power-
distribution calculation, the cross-section homogenization and so
on.

In the homogeneous leakage model, the leakage coefficient and
the leakage rate are defined as follows (Hebert, 2009):

DðB; EÞ ¼ 1
B

iJðEÞ
uðEÞ ð10Þ

LðEÞ ¼ DðE;BÞB2uðEÞ ð11Þ
Eq. (11) can be easily condensed over energy groups if the fol-

lowing group-averaged equation is used.

Lg ¼ DgðBÞB2ug ð12Þ
Then the condensation of the leakage coefficient should be car-

ried out as following:

DG ¼
P

g2GDgB
2ugP

g2GB
2ug

ð13Þ

When the homogeneous leakage model is applied in the lattice
calculation for pin-cell homogenization, the neutron flux and the
current would be corrected by the same corrective factor and the
leakage coefficient would be one value for the whole assembly.
In order to determine the individual pin-cell diffusion coefficient,
the Fick’s Law can be utilized.

DiðEÞ ¼ 1
3Rtr;iðEÞ ð14Þ

where Rtr;iðEÞ = pin-cell macroscopic transport cross-section (cm�1)

2.2. Heterogeneous Leakage Model

In the heterogeneous leakage model, the neutron flux is factor-
ized as Eq. (15)

/ðr; E;XÞ ¼ uðr; E;XÞeiB�r ð15Þ
where all the symbols are the same as Eq. (3) except that the funda-
mental flux uðr; E;XÞ is spatially dependent.

The neutron-transport equation for the case of a heterogeneous
geometry is shown as Eq. (16):

X � r/ðr; E;XÞ þ Rðr; EÞ/ðr; E;XÞ ¼
Z
4p

d2X0
Z 1

0
dE0Rsðr; E

 E0;X X0Þ/ðr; E0;X0Þ þ vðEÞ
4pKeff

Z 1

0
dE0mRf ðr; E0Þ/ðr; E0Þ ð16Þ

where all the symbols are the same as Eq. (4) except their depen-
dence of spatial variable.

Substitute the factorization into the neutron-transport
equation:

X � ruðr; E;XÞ þX �uðr; E;XÞrðiB � rÞ þ Rðr; EÞuðr; E;XÞ

¼
Z
4p

d2X0
Z 1

0
dE0Rsðr; E E0;X

 X0Þuðr; E0;X0Þ þ vðr; EÞ
4pKeff

Z 1

0
dE0mðr; E0ÞRf ðr; E0Þuðr; E0Þ ð17Þ

where uðr; EÞ ¼ R4p uðr; E;X0Þd2X0

Substituting Eq. (5) into Eq. (17) leads to the following
equation:

X � ruðr; E;XÞ þ Rðr; EÞuðr; E;XÞ

¼ 1
4pQðr; E;XÞ � iBX �uðr; E;XÞ ð18Þ

where

Qðr; E;XÞ ¼
Z 1

0
dE0Rs0ðr; E E0Þuðr; E0Þ

þ vðr; EÞ
Keff

Z 1

0
dE0mðr; E0ÞRf ðr; E0Þuðr; E0Þ

þ
Z
4p

d2X0
Z 1

0
dE03Rs1ðr; E E0Þluðr; E0;X0Þ ð19Þ

Smearing the source of Eq. (18) within the angular domain
yields the first equation of the heterogeneous leakage model:

X � ruðr; E;XÞ þ Rðr; EÞuðr; E;XÞ ¼ 1
4p
½Qðr; EÞ � iBu1ðr; EÞ� ð20Þ

where

Qðr;EÞ ¼ R10 dE0Rs0ðr;E E0Þuðr;E0Þ þ vðr;EÞ
Keff

R1
0 dE0mðr;E0ÞRf ðr;E0Þuðr;E0Þ

iBu1ðr;EÞ ¼
R
4p iBX �uðr;E;XÞdX

The weighting factor showed in Eq. (23) is used to integrate Eq.
(19) over the angular domain, yielding Eq. (24) as the second equa-
tions of the heterogeneous model (Grimstone et al., 1990):

xðr;XÞ ¼ 1
Rðr; EÞ þ iBX

ð21Þ

X � ru1ðr; E;XÞ þ Rðr; EÞu1ðr; E;XÞ

¼ 1
4pc½B; �RðEÞ�

1
3
u0ðr; EÞB2 þ

Z 1

0
dE0Rs1ðr; E E0Þu1ðr; E0Þ

� �
ð22Þ

The critical spectrum of each pin cell can be obtained by solving
Eq. (20) and Eq. (22) simultaneously together with a buckling
search process. The corrected neutron-flux distribution of the sin-
gle heterogeneous assembly transport calculation can be deter-
mined after the buckling search process. This model can provide
space-dependent leakage coefficient (LC) Benoist et al., 1994;
Hebert, 2009:



Transport equation

Multi-group pin-cell homogenized XS

PDFs for heterogeneous leakage model

Heterogeneous leakage model

Group condensation

Surper-homogenization method

Burnup

Fig. 1. Calculation flow of heterogeneous leakage model.
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DiðB; EÞ ¼ 1
B

iJiðEÞ
uiðEÞ

ð23Þ

LiðEÞ ¼ DiðE;BÞB2uiðEÞ ð24Þ
2.3. Cooperation of heterogeneous leakage model and homogenization

In the heterogeneous leakage model for pin-cell homogeniza-
tion, the pin-cell discontinuity factors (Zhang et al., 2016, 2016)
(PDF) should be determined before performing the buckling
search. Because the PDFs can preserve the pin-cell-homogenized
problem unchanged compared with the original assembly prob-
lem. For example, when a critical buckling search is performed
for a single-assembly problem whose keff is equal to 1.0, the global
spectrum should be equal to the infinite spectrum. However, with-
out PDFs, the global spectrum determined by the heterogeneous
leakage cannot be equal to the infinite one. So the heterogeneous
leakage model must cooperate with the pin-cell-homogenized
cross-section together with the PDF. In this paper, the discrete
ordinate method (Zhitao et al., 2014) is used to solve the equations
of the heterogeneous leakage. The corresponding PDF would be
calculated for the solver.

After a buckling search, the homogenization method should be
super-homogenization method (Zhang et al., 2016, 2016; Hebert
and Mathonniere, 1993) rather than GET. This is because that the
current on each interface is affected by two different global spec-
trums of the two adjacent pin cells. It is in a dilemma to correct
one neutron current by two global spectrums. The calculation flow
is shown in Fig. 1.

2.4. Buckling search

Considering the fact that the buckling appears to be the eigen-
value of leakage model equation, the legacy power method can be
employed, named as the power-method scheme. Meanwhile, the
buckling can also be taken as a kind of pseudo boron, providing a
linear-interpolation scheme as the second option (Li et al., 2010).
In addition, a rapid search scheme is also proposed as the third
option based on the neutron balance.

2.4.1. The power method scheme
If the buckling for the n’th iteration is denoted as B2(n), the ini-

tial guess is therefore B2(1). For the (n + 1)’th iteration, the new
buckling can be calculated as following:
B2ðnþ 1Þ ¼ B2ðnÞ þ DB2ðnÞ ð25Þ
where DB2ðnÞ can be calculated by the linear interpolation between
1/keff and B2.

DB2ðnÞ ¼ AðnÞ 1
kreqeff

� 1
keff ðnÞ

 !
ð26Þ

where kreqeff is the targeted keff and AðnÞ is the estimated slope of B2 in
terms of 1/keff. At the end of the first iteration, this slope can be esti-
mated by using the following formula:

Að1Þ ¼ V/ð1ÞDð1Þ
keff ð1Þ ð27Þ

where V ¼PiV i, /ð1Þ ¼
P

g

P
i
Vi/i;g ð1Þ

Vi
, Dð1Þ ¼ V/ð1Þ

3
P

g

P
i
Vi/i;g ð1ÞRtr;i;g ð1Þ

is an

approximated value at this stage.

2.4.2. The linear interpolation scheme
Considering the fact that linear interpolation is usually

employed for the critical boron concentration (CBC) search in the
PWR core analysis, it can also be employed for the buckling search
as:

B2ðnþ 1Þ ¼ B2ðn� 1Þ þ kreqeff � keff ðn� 1Þ
keff ðnÞ � keff ðn� 1Þ ½B

2ðnÞ � B2ðn� 1Þ�

ð28Þ
Compared the Eq. (25) and Eq. (28), the difference mainly lies in

the term of DB2ðnÞ. Rewrite Eq. (28) into the following form:

B2ðnþ1Þ¼B2ðnÞþ 1
kreqeff

� 1
keff ðnÞ

 !
½B2ðnÞ�B2ðn�1Þ�

1
keff ðnÞ�

1
keff ðn�1Þ

� kreqeff

keff ðn�1Þ
ð29Þ

which can be further presented into the following form:

B2ðnþ 1Þ ¼ B2ðnÞ þ kreqeff

keff ðn� 1ÞAðnÞ
1
kreqeff

� 1
keff ðnÞ

 !
ð30Þ

It can be found that a relaxation parameter is utilized in this
scheme compared with the power method scheme.

2.5.3. The neutron balance scheme
It is unnecessary to care about the computational cost for the

homogenized problem in the homogeneous leakage model. For
the heterogeneous leakage model, however, the computational
cost is considerable. In order to minimize the computational costs
of the buckling search, a scheme for rapid convergence to update
the buckling is proposed based on neutron balance.

The heterogeneous leakage equations can be obtained as fol-
lows after a multi-group discretization at the n’th iteration:

X � run
0;gðr;XÞ þ RgðrÞun

0;gðr;XÞ

¼ 1
4p

Qn
s0;gðrÞ þ

1
keff ðnÞQ

n
f ;gðrÞ �unþ1

1;g ðrÞ
� �

ð31Þ

X � run
1;gðr;XÞ þ RgðrÞun

1;gðr;XÞ

¼ 1
4pcgðBÞ

1
3
un

0;gðrÞB2ðnÞ þ Qn
s1;gðrÞ

� �
ð32Þ

where all the symbols are the same as Eq. (20) and Eq. (22). Inte-
grate Eq. (32) over the angular domain and then substitute it into
Eq. (31), we can get the following equation:



Table 2
Iterative procedure of the homogeneous problem.

Iteration Homogeneous Leakage
Model

Heterogeneous Leakage
Model

keff Buckling keff Buckling

1 1.14623 0.0000E+00 1.14623 0.0000E+00
2 1.14617 1.0000E�06 1.14617 1.0000E�06
3 0.99748 2.7414E�03 0.99747 2.7414E�03
4 1.00005 2.6881E�03 1.00005 2.6881E�03
5 1.00000 2.6892E�03 1.00000 2.6892E�03

Fig. 2. 69-Group flux-spectrum correction factor for the homogeneous problem.

Y. Li et al. / Annals of Nuclear Energy 110 (2017) 443–452 447
X �run
0;gðr;XÞþRgðrÞun

0;gðr;XÞ¼
1
4p

Qn
s0;gðrÞþ

1
keff ðnÞQ

n
f ;gðrÞ

��

� 1
RgðrÞ

1
cgðBÞ

1
3
un

0;gðrÞB2ðnÞ
�

þQn
s1;gðrÞ

i
�
Z
X
X �run

1;gðr;XÞdX
��
ð33Þ

For the targeted keff, theoretically, there exists a similar
equation:
(1)              (2)              (3) 

Fig. 3. Five geometrie

Table 3
Models of cross-section generation.

Fuel Materials UO2 1.60 w/o
UO2 2.40 w/o
UO2 3.10 w/o

Other Materials Burnable absorber
Clad/Guide/Coolant

Reflector Baffle/Reflector
X �rureq
0;gðr;XÞþRgðrÞureq

0;gðr;XÞ¼
1
4p

Qreq
s0;gðrÞþ

1
kreqeff

Qreq
f ;g ðrÞ

"(

� 1
RgðrÞ

1
creqg ðBÞ

1
3
ureq

0;gðrÞB2ðnÞ
�

þQreq
s1;gðrÞ

i
�
Z
X
X �rureq

1;gðr;XÞdX
��
ð34Þ

With the assumption that the n’th iteration and the converged
iteration share the same neutron flux distribution and the param-
eter cgðBÞ, a new buckling update formula can be obtained:

B2ðreqÞ ¼ B2ðnÞ þ 1
kreqeff

� 1
keff ðnÞ

 ! X
g

R
V Q

n
f ;gðrÞdVX

g

R
V

1
3Rg ðrÞcng ðBÞu

n
0;gðrÞdV

ð35Þ
3. Numerical results

Both the homogeneous and heterogeneous leakage models are
implemented into our in-house developed PWR lattice code
Bamboo-Lattice (Li et al., 2015; Chen et al., 2008; He et al., 2014;
Huang et al., 2016), which employs a two-dimensional modular
MOC transport solver. Three test problems are presented in this
section. Firstly, a single-homogeneous-assembly calculation fol-
lowed by full-assembly homogenization was employed to show
the equivalence between the homogeneous and heterogeneous
leakage models in the special case. Secondly, several single-
heterogeneous-assembly calculations followed by pin-cell homog-
enization cases were carried out to show the differences between
the homogeneous and heterogeneous leakage models. Finally, a
2D PWR core pin-by-pin calculation was performed to assess the
performances of the leakage models.

3.1. Single-assembly problem with full-assembly homogenization

Theoretically, the heterogeneous leakage model would be
exactly the same as the homogeneous one for a single-
homogeneous-assembly calculation. For a 2D homogeneous prob-
lem, a 69-group (WIMS D4 format) transport calculation was car-
             (4)              (5) 

s of assemblies.

Single-cell calculation

3.10% w/o assembly calculation under the 2th configuration in Fig. 3

Two-assembly calculation



Table 4
Flux-spectrum correction factor for Single-assembly problems.

CASES keff Flux-spectrum correction factor

Group 1 2 3 4 5 6 7

1 1.60% 1.00166 Hom 1.0005 1.0003 1.0000 0.9999 0.9998 0.9998 0.9998
Het 1.0005 1.0003 1.0000 0.9999 0.9997 0.9997 0.9997

2 2.40% 1.12600 Hom 1.0388 1.0181 0.9998 0.9922 0.9841 0.9834 0.9836
Het 1.0388 1.0181 0.9998 0.9922 0.9841 0.9834 0.9836

3 3.10% 1.18264 Hom 1.0552 1.0249 0.9988 0.9881 0.9782 0.9772 0.9775
Het 1.0552 1.0250 0.9987 0.9881 0.9782 0.9773 0.9775

4 2.40% 12BA 1.00267 Hom 1.0008 1.0004 1.0000 0.9998 0.9997 0.9997 0.9997
Het 1.0008 1.0004 1.0000 0.9998 0.9997 0.9996 0.9996

5 2.40% 16BA 0.96448 Hom 0.9888 0.9949 1.0003 1.0024 1.0044 1.0046 1.0046
Het 0.9888 0.9949 1.0003 1.0024 1.0044 1.0046 1.0045

6 3.10% 4BA 1.14167 Hom 1.0430 1.0193 0.9989 0.9906 0.9831 0.9824 0.9826
Het 1.0430 1.0194 0.9989 0.9906 0.9831 0.9824 0.9826

7 3.10% 16BA 1.03034 Hom 1.0094 1.0041 0.9996 0.9979 0.9964 0.9963 0.9963
Het 1.0094 1.0041 0.9997 0.9979 0.9964 0.9962 0.9963

8 3.10% 20BA 0.99554 Hom 0.9986 0.9994 1.0001 1.0003 1.0005 1.0005 1.0005
Het 0.9986 0.9994 1.0001 1.0003 1.0005 1.0005 1.0005

Fig. 4. First-group flux-spectrum correction factors of each pin cell for CASE 3.

Fig. 5. First-group Leakage Coefficie
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ried out with either 69-group homogeneous leakage model or
heterogeneous leakage model. The iterative procedure and the
69-group flux-spectrum correction factors are respectively shown
in Table 2 and Fig. 2. There is no difference on the correction factors
between the homogeneous leakage model and the heterogeneous
leakage model. The iterative procedures are almost exactly the
same as expected.

3.2. Single-assembly problems with pin-cell homogenization

In order to analyze the two leakage models, 8 single-assembly
tests consisting of three enrichments (1.60%, 2.40% and 3.1%) and
five burnable absorber loadings as in Fig. 3 were calculated and
homogenized at pin-cell level. The 7-group heterogeneous cross-
sections are obtained by pre-evaluating the cases in Table. 3 using
the Bamboo-Lattice code.

The flux-spectrum correction factor of each group from the
homogeneous leakage model and the volume-averaged correction
factor of the whole assembly from the heterogeneous leakage
model are shown in Table 4. It can be found that they are almost
the same and the maximum difference is less than 0.1%. The cor-
rection factor will be harder than the local spectrum when keff is
larger than 1.0, while it is opposite when keff is smaller than 1.0.

The first-group flux-spectrum correction factors of each pin cell
for case 3 are shown in Fig. 4. It can be found that the correction
nts and Diffusion Coefficients.



a) keff of each iteration step                         b) B2 of each iteration step 

Fig. 6. Iteration Procedure of CASE 1.

a) keff of each iteration step                        b) B2 of each iteration step 

Fig. 7. Iteration Procedure of CASE 5.
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Fig. 8. Configuration of the 1/4 PWR Core.

Table 5
The results of the 2D whole core problem.

Leakage Model Type of Coefficient Energy Groups

W/O DC 7
Hom
Het
Het LC

W/O DC 2
Hom
Het
Het LC
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factors of the guide tube or burnable absorber are different from
that of fuel pins. The homogeneous leakage model cannot repre-
sent the differences of the correction factors between different
pins. What’s more, for the pin-cell homogenization, the homoge-
neous leakage model provides only one leakage coefficient for
the entire assembly consisting of 289 pins. The heterogeneous
leakage model can provide separated leakage coefficient for each
pin. The first-group pin-cell leakage coefficients and diffusion coef-
ficients in case 3 are shown in Fig. 5. There is a large difference
existed between them, it would be further analyzed that which
one is more accurate for the whole core calculation in the next
section.

The performances of the three different methods to search the
targeted buckling are also compared with the initial values of B2

fixed as 0. The iteration procedure of the buckling search of case
1 about keff and B2 is shown in Fig. 6 and that of CASE 5 is shown
in Fig. 7. It can be found that whether keff is larger or smaller than
1.0, the computational cost of the power-method scheme and that
keff keff Error (pcm) Pin-Power RMS
Error % (Max Error)

1.00001 1 1.01(4.35)
1.00001 1 1.01(4.34)
1.00001 1 1.01(4.31)
1.00029 29 0.87(4.02)

1.00066 66 1.92(4.13)
0.99979 -21 1.36(3.86)
0.99979 -20 1.35(3.79)
1.00010 10 0.64(3.54)



Fig. 9. The reference pin-power distribution.

450 Y. Li et al. / Annals of Nuclear Energy 110 (2017) 443–452
of the linear-interpolation scheme are almost the same, requiring
about four iterations to converge. For the neutron balance scheme,
in contrast, usually two iterations are enough.
a) 7G diffusion without buckling search      b

c) 7G diffusion with Het leakage model and DC   d

Fig. 10. Relative pin-power error of 7G
3.3. Whole core problem with pin-cell homogenization

The core showed in Fig. 8 consists of eight kinds of assemblies
mentioned in the former section.

Several schemes were carried out to test the performances of
the leakage models:

(1) The reference solution was provided by a 2D whole-core
one-step transport calculation using 7-group heterogeneous
cross-section obtained from Section 3.2.

(2) Single-assembly calculations with reflective boundary con-
ditions without leakage model was performed first to pro-
vide the pin-cell homogenized 2-/7-group cross-sections,
followed by the pin-by-pin core-diffusion calculations (Li
et al., 2013; Yunzhao et al., 2014; Yang et al., 2016; Cao
et al., 2013).

(3) Single-assembly calculations with reflective boundary con-
ditions with 7-group homogeneous/heterogeneous leakage
model was performed first to provide the pin-cell-
homogenized 2-/7-group parameters, followed by the pin-
by-pin core-diffusion calculations. The diffusion coefficient
(DC) is used in the diffusion calculation for the homoge-
neous leakage model, while either diffusion coefficient or
space-dependent leakage coefficient (LC) is used in the diffu-
sion calculation for the heterogeneous leakage model.

Table 5 represents the summary of results and the reference
pin-power distribution is showed in Fig. 9. The pin-power relative
error distributions of 7- and 2-group diffusion pin-by-pin calcula-
tions are shown in Fig. 10 and Fig. 11 respectively. It can be found
) 7G diffusion with Hom leakage model and DC 

) 7G diffusion with Hom leakage model and LC 

diffusion pin-by-pin calculation.



a) 2G diffusion without buckling search    b) 2G diffusion with Hom leakage model and DC 

c) 2G diffusion with Het leakage model and DC  d) 2G diffusion with Hom leakage model and LC 

Fig. 11. Relative pin-power error of 2G diffusion pin-by-pin calculation.
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that both of the two leakage models can improve the accuracy of
the pin-by-pin core-diffusion calculations. Almost the same results
are observed for the two leakage models when the diffusion coef-
ficient is determined by the transport cross-section. The pin-by-pin
calculations with the space-dependent leakage coefficient
obtained from the heterogeneous leakage model show the most
accurate results.
4. Conclusions

For the pin-by-pin two-step scheme, a leakage model is
required in the lattice calculation because of the reflective bound-
ary condition. The derivation of the formula of the leakage model is
introduced, and the implementations of the homogeneous and
heterogeneous leakage models are described. The homogeneous
leakage model applied in pin-cell homogenization will lead to
the same corrective factor to correct the neutron flux and the cur-
rent, while the diffusion coefficient based on Fick’s Law would be
utilized in the core calculation. When the heterogeneous leakage
model is applied to pin-cell homogenization, before buckling
search, pin-cell discontinuity factor must be generated for the
pin-cell homogenized assembly. After buckling search and spec-
trum leakage modification, the homogenization method should
be super-homogenization method rather than GET due to the dif-
ferent critical spectrums of adjacent pin cells.

A rapid buckling search scheme is proposed and three different
schemes were compared with each other on single-assembly prob-
lems. It can be found that the computational cost of the power-
method scheme and that of the linear-interpolation scheme
according to CBC are almost the same. Their costs are almost twice
than the newly proposed neutron balance scheme.

By looking at the relative error distributions, it can be found
that the homogeneous leakage model works effectively for the
pin-cell homogenization, while the heterogeneous leakage model
with the space-dependent leakage diffusion provides better accu-
racy. The leakage model can only take the leakage into considera-
tion approximately. The environment effect aroused by the
reflective boundary condition needs more investigation and
improvements.
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